TERM STRUCTURE MODELS DRIVEN BY WIENER PROCESS 
AND POISSON MEASURES: EXISTENCE AND POSITIVITY 

DAMIR FILIPOVIC, STEFAN TAPPE, AND JOSEF TEICHMANN 



Abstract. In the spirit of [3], we investigate term structure models driven by 
Wiener process and Poisson measures with forward curve dependent volatili- 
ties. This includes a full existence and uniqueness proof for the corresponding 
Heath-Jarrow-Morton type term structure equation. Furthermore, we charac- 
terize positivity preserving models by means of the characteristic coefficients, 
which was open for jump-diffusions. Additionally we treat existence, unique- 
ness and positivity of the Brody-Hughston equation [71|8] of interest rate theory 
with jumps, an equation which we believe to be very useful for applications. 
A key role in our investigation is played by the method of the moving frame, 
which allows to transform the Heath— Jarrow—Morton-Musiela equation to a 
time-dependent SDE. 

Key Words: term structure models driven by Wiener process and Pois- 
son measures, Heath-Jarrow-Morton-Musiela equation, positivity preserving 
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Interest rate theory is dealing with zero-coupon bonds, which are subject to a 
stochastic evolution due to daily trading of related products like coupon bearing 
bonds, swaps, caps, floors, swaptions, etc. Zero-coupon bonds, which is a financial 
asset paying the holder one unit of cash at maturity time T, are a conceptually 
important product, since one can easily write all other products as derivatives on 
them. We do always assume default-free bonds, i.e. there are no counterparty risks 
in the considered markets. The Heath-Jarrow-Morton methodology takes the bond 
market as a whole as today's aggregation of information on interest rates and one 
tries to model future flows of information by a stochastic evolution equation on the 
set of possible scenarios of bond prices. For the set of possible scenarios of bond 
prices the forward rate proved to be a flexible and useful parameterization, since it 
maps possible scenarios of the bond market to open subsets of (Hilbert) spaces of 
forward rate curves. Under some regularity assumptions the price of a zero coupon 
bond at t <T can be written as 



where f{t, T) is the forward rate for date T. We do usually assume the forward rate 
to be continuous in maturity time T. The classical continuous framework for the 
evolution of the forward rates goes back to Heath, Jarrow and Morton (HJM) [25] , 
They assume that, for every date T, the forward rates f{t,T) follow an Ito process 
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of the form 

d 

(1.1) df{t,T)^a{t,T)dt + ^a^{t,T)dWi, tG[0,T] 

j=i 

where W = {W^ , . . . , W^) is a standard Brownian motion in M''. 

Empirical studies have revealed that models based on Brownian motion only 
provide a poor fit to observed market data. We refer to [371 Chap. 5], where it is 
argued that empirically observed log returns of zero coupon bonds are not normally 
distributed, a fact, which has long before been known for the distributions of stock 
returns. Bjork et al. |1|5], Eberlein et al. [12l[l3l[Il[l5l[l6l[12] and others ([MUSSl 



|24] ) thus proposed to replace the classical Brownian motion in ( 1.1 ) by a more 
general driving noise, also taking into account the occurrence of jumps. Carmona 
and Tehranchi [5] proposed models based on infinite dimensional Wiener processes, 
see also [TH]. In the spirit of Bjork et al. |1] and Carmona and Tehranchi 0, we 
focus on term structure models of the type 

(1.2) df{t,T) ^ a{t,T)dt + Y](j^{t,T)dPl + [ -f{t,x,T){^{dt,dx) - F{dx)dt), 

Je 

where {(3j} denotes a (possibly infinite) sequence of real- valued, independent Brow- 
nian motions and, in addition, is a homogeneous Poisson random measure on 
R+ X E with compensator dt (g) F{dx), where E denotes the mark space. 

For what follows, it will be convenient to switch to the alternative parameteri- 
zation 

which is due to Musiela |32j . Then, we may regard (rt)t>o as one stochastic process 
with values in H, that is 

r ■.nxR+ ^ H, 

where H denotes a Hilbert space of forward curves h : K+ ^ M to be specified later. 
Recall that we always assume that forward rate curves are continuous. Denoting by 



iSt)t>o the shift semigroup on H, that is Sth = h{t+ •), equation (1.2) becomes in 
integrated form 



(1.3) 



Jo j Jo 

/ St-s7{s,x,s + £,){iJ,{ds,dx) — F{dx)ds), t>0 

JE 



where ho d H denotes the initial forward curve and St^s operates on the functions 
1-^ a{s, s + £,), ^ 1-^ cr^{s, s + and ^ i-^ -f{s, x,s + ^). 

From a financial modeling point of view, one would rather consider drift and 
volatilities to be functions of the prevailing forward curve, that is 

a : H ^ H, 

: H ^ H, for all j 
-f : H X E ^ H. 

For example, the volatilities could be of the form {h) = (f)j{£i{h), . . . ,£p{h)) for 
some p e N with 0^ : Rp ^ H said £, : H ^ R. We may think of iii^h) = 
fr lo^ h{'i])dr] (benchmark yields) or £i{h) = h{^i) (benchmark forward rates). 
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The implied bond market 

(1.4) P{t,T) = exp niOd^ 

is free of arbitrage if we can find an equivalent (local) martingale measure such that 
discounted bond prices 

ft 



exp(^-^ r,(0)ds^P(i,r) 



are local martingales for < i < T. If we formulate the HJM equation with respect 
to such an equivalent martingale measure, then the drift is determined by the 
volatility and jump structure, i.e. a = ckhjm '■ H ^ H is given by 

(1.5) aHjM(/i) <^'ih)^'W ' l{h, x) (e^C'.-) - l) F{dx) 
for all h E H, where we have set 

(1.6) J:^{h){0:= <j'{h){v)dv, for all j 

Jo 

(1.7) T{h,xm ■■=- I l{h,x){fj)d7^. 

Jo 

According to f4| (if the Brownian motion is infinite dimensional, see also |18j). 



condition (1.5) guarantees that the discounted zero coupon bond prices are local 
martingales for all maturities T, whence the market is free of arbitrage. In the clas- 
sical situation, where the model is driven by a finite dimensional standard Brownian 



motion, (1.51 is the well-known HJM drift condition derived in 231 



Our requirements lead to the forward rates {rt)t>o in (1-3) being a solution of 
the stochastic differential equation 

rt = Stho+ / St^saii]M{rs)ds + / St-gCr' {rs)dPi 
(1.8) ^ ^° ^ ^° 

S't_s7(rs_, a;)(/i(ds, dx) — F{dx)ds), t>0 



E 



and it arises the question whether this equation possesses a solution. To our knowl- 
edge, there has not yet been an explicit proof for the existence of a solution to 



the Poisson measure driven equation (1.8 1. We thus provide such a proof in our 



paper, see Theorem |3.3[ For term structure models driven by a Brownian motion, 
the existence proof has been provided in (TH] and for the Levy case in [T^ . We also 
refer to the related papers [35] and [25] . 

In the spirit of [1^ and [35], an 7?-valued stochastic process {rt)t>o satisfying 



(1.8) is a so-called mild solution for the (semi-linear) stochastic partial differential 



equation 

r drt = {-^rt + aiUM{rt))dt + J2j^'{n)dl3i 
(1.9) I + Jj^jirt-,x){^iidt,dx) - F{dx)dt) 

[ fo = ho, 

where ^ becomes the infinitesimal generator of the strongly continuous semigroup 
of shifts (S'f)t>o- 

In the sequel, we are therefore concerned with establishing the existence of 



mild solutions for the HJMM (Heath- Jarrow-Morton-Musiela) equation (1.9). As 



in |20j . we understand stochastic partial differential equations as time-dependent 
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transformations of time-dependent stochastic differential equations with infinite di- 
mensional state space. More precisely, on an enlarged space J{ of forward curves 
h : —> M., which are indexed by the whole real line, equipped with the strongly 
continuous group (J7f)tgR of shifts, we solve the stochastic differential equation 



r dft = U-tiaii.M7TUtft)dt + J2^U-ti<J^{TrUtft)dpi 
(1.10) I +Jj^U-dl{nUtft-,x)ifi{dt,dx)-F{dx)dt) 

[ fo = eho, 



where £ : _ff — > IK is an isometric embedding and -k : H the adjoint operator 

of and afterwards, we transform the solution process {ft)t>o by rt :— TrUtft in 
order to obtain a mild solution for (1.9l. Notice that (l.lOl just corresponds to the 
original HJM dynamics in ( |1.2[ ), where, of course, the forward rate /t(T) has no 
economic interpretation for T < t. Thus, we will henceforth refer to ( |1.10 1 as the 
HJM (Heath-Jarrow-Morton) equation. 

In practice, we are interested in term structure models producing positive for- 
ward curves since negative forward rates are very rarely observed. After establishing 
the existence issue, we shall therefore focus on positivity preserving term structure 



models, and give a characterization of such models. The HJM equation ( 1.10 1 on the 



enlarged function space will be the key for analyzing positivity of forward curves. 
Indeed, the method of the moving frame, see 20J, allows us to use standard sto- 
chastic analysis (see [53]) for our investigations. It will turn out that the conditions 



cr^(/i)(^) = 0, for all C e (0, oo), /i e dP^ and all j 

h + ^{h, x) e P, for all h £ P and F-almost all x £ E 

-f{h, x){^) = 0, for all ^ e (0, oo), ft e dP^ and F-almost all x e E 



where P denotes the convex cone of all nonnegative forward curves, and dP^ the set 
of all nonnegative forward curves h with ft,(^) — 0, are necessary and sufficient for 
the positivity preserving property, see Theorem |4. 2 11 For this purpose, we provide 
a general positivity preserving result, see Theorem [4.171 which is of independent 
interest and can also be applied on other function spaces. Positivity results for the 
diffusion case have been worked out in [57] and [30] ■ We would like to mention in 
particular the important and beautiful work [34 , where through an application of 
a general support theorem positivity is proved. This general argument we shall also 
apply for our reasonings. 

Another approach to interest rate markets was suggested by D. Brody and 
L. Hughston (see [7] and [5]) inspired by methods from information geometry. It 
does need the additional assumption that bond prices behave with respect to ma- 
turity time T like inverse distribution functions. However, this is economically a 
completely innocent and even very natural assumption, since it simply means that 
the (nominal) short rate cannot turn negative. In this case possible scenarios of 
bond prices are mapped to the set of probability densities on . At first sight this 
approach seems more delicate, since the set of probability densities is not a vector 
space any more but rather a convex set (with a couple of different topologies) . More 
precisely, the underlying basic observation is the following: assume a positive short 
rate, which almost surely does not converge to 0, then bond prices satisfy that 

• prices as a function of maturity, T i— > P(t, T), are decreasing and continu- 
ous, 

• the limit for T ^ cx) is 0. 
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This suggests the following parameterization of bond price ~ under slight additional 
regularity assumptions - 

/•oo 

P{t,T) = / p{t,u)du, 

JT-t 

where t ^ p{t, .) is a stochastic process of probability densities on M^. Assuming 
additionally that t i-^ Pt{0) is a well-defined stochastic process, the short rate, we 
can consider no arbitrage conditions. If one assumes the existence of an equivalent 
martingale measure for the discounted bond prices and its strict positivity, then 
- with respect to this equivalent martingale measure - the process pt satisfies the 
following equation 



(1.11) ^ = (^pm + ^(iogp,(o))dt + J2 (^'(^'0 - ^^"(i, •)) rfA 



Here a{t, ■) denotes the average of a(t, .) with respect to the probability measure 
piOd^j see Section [slfor details. We first extend this setting, which was basically 
outlined in [7] and [8], into the realm of jump processes. Second, we prove exis- 
tence and uniqueness of the resulting equations on appropriate Hilbert spaces of 
probability densities with or without jumps, a problem which has been left open in 
the literature so far. It has to be pointed out that we do not pursue the approach 
suggested in [7] to map densities via to the unit sphere of an appropriate L^, but 
that we treat equation ( |1.11| directly by embedding probability densities into an 
appropriate Hilbert space of functions. 

The remainder of this text is organized as follows. In Section [2] we introduce 
the space Hp of forward curves. Using this space, we prove in Section |3] under ap- 
propriate regularity assumptions, the existence of a unique solution for the HJMM 



equation (1.9 1. The positivity issue of term structure models is treated in Section 
[4] there we show first the necessary conditions with a general semimartingale argu- 
ment. The sufficient conditions are proved to hold true by switching on the jumps 
"slowly" . This allows for a reduction to results from [33] . An alternative approach 
to HJMM is proposed in Section [s] where the established (general) positivity re- 
sults are appHed to the Brody-Hughston equation from interest rate theory (with 
jumps). For convenience of the reader, we provide the prerequisites on stochastic 
partial differential equations in Appendix [A] 

2. The space of forward curves 

In this section, we introduce the space of forward curves, on which we will solve 
the HJMM equation ([Tg]) in Section [s) 



We fix an arbitrary constant /3 > 0. Let Hp be the space of all absolutely 
continuous functions h : M+ M such that 

\\hh:= (lMO)P + ^ |/i'(0|V«rf^y <^. 

Let {St)t>o be the shift semigroup on Hp defined by Sth := h{t + ■) for i e M+. 

Since forward curves should flatten for large time to maturity the choice of 
Hp is reasonable from an economic point of view. 

Moreover, let Kp be the space of all absolutely continuous functions /i : M ^ M 
such that 



\\hh:= {\h{0)f+ / |/i'(0|VI«lde 



< 00. 



Let (C/t)tgR be the shift group on Dip defined by Uth := h{t + •) for t E 
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The linear operator I : Hp "Kp defined by 

is an isometric embedding with adjoint operator tt := : "Kp Hp given by 
7r(/i) = h e 'Kp. 

2.1. Theorem. Let (3 > be arbitrary. 

(1) The space {Hp, \\ ■ \\p) is a separable Hilbert space. 

(2) For each ^ g ]R_|_, the point evaluation h i— > h(^) : Hp R is a continuous 
linear functional. 

(3) {St)t>o is a Co-semigroup on Hp with infinitesimal generator : 1>{j^) C 
Hp Hp. j^h = h' , and domain 

ni) = {heHp\h'e Hp}. 

(4) Each h G Hp is continuous, bounded and the limit h(oo) hm^^oo ^(C) 
exists. 

(5) H^ := {h G Hp \ h{oo) ~ 0} is a closed subspace of Hp. 

(6) There are universal constants Ci, C2, C3, C4 > 0, only depending on [3, such 
that for all h G Hp we have the estimates 

(2.1) \\h'\\mR^)<cm0, 

(2.2) II^IIl-(r+) <C^2||/l||;3, 

(2.3) \\h~h{^)\\m^^)<Ci\\h\\p, 

(2.4) ||(/i-M(^))V|Ui(K^)<C4||/i||^. 

(7) For each (3' > (3, we have Hpi C Hp, the relation 

(2.5) < ||/i||/3', he Hp, 

and there is a universal constant C5 > 0, only depending on (3 and (3' , such 
that for all h G Hpi we have the estimate 

(2.6) \\{h-h{^)fef"\\L^iw.+ )<C4h\\l,. 

(8) The space {'yip, \\ ■ \\p) is a separable Hilbert space, {Ut)t£R is a Co-group 
on yip and, for each ^ G M, the point evaluation h i—t h{i), "Kp —t'Kisa 
continuous linear functional. 

(9) The diagram 

Jip > Jip 

I 

Hp — ~ — * Hp 
commutes for every t G M+, that is 

(2.7) -KUtth = Sth for all t G M+ and he Hp. 

Proof. Note that Hp is the space i/^ from [T51 Sec. 5.1] with weight function 
w{^) — e^^, £, e M+. Hence, the first six statements follow from [18, Thm. 5.1.1, 
Cor. 5.1.1]. 

For each f3' > (3, the observation 

/ \h'm'e^^d^< [ Ih'iOl'e^'^d^, he Hp, 
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shows Hpi C Hf3 and (2.5 1. For an arbitrary h G Hpi we have, by Holder's inequahty, 
\h{0-h{oo)\^e>^^dC = J (^J^ /i'(?7)e5'3''?e-5/5''7dry^ e^«d^ 

Choosing C5 := proves (2.6). 

It is clear that || • ||^ is a norm on 'Kp. First, we prove that there is a constant 
Ki > such that 

(2.8) ||/i'||Li(R) <i^i||/i||/3, /le^K^. 

Setting i^i := y^, this is established by Holder's inequality 



(2.9) 



< 



As a consequence of (2.8 1, for each h £ !Kp the limits h{oo) := limj^oo h(^) and 
h{—oo) := lim^^_oo ^(0 exist. This allows us to the define the new norm 



\hy := |M-oo)p+ / |/i'(C)|VI«ld^ 



he'K 



/3- 



From (2.9) we also deduce that 



(2.10) 

Setting K2:^l + Ki, from (|2^ and ( |2.10| ) is follows that 

(2.11) ||/l|U~(R) </^2||/l||/3, 

(2.12) |!/i|!l~(r) < i^2|/i|/3 



for all h G 3^/3. Estimate (2.11) shows that, for each ^ e M, the point evaluation 
h I—!- h(S^), "Kfi ^ M is a continuous linear functional. 
Using ( |2.11 1 and (2.12) we conclude that 



1 



-tI|/^II/3< 1/^1/3 < (1 + ^2) ^11/^11/3, h^'Kp 



(l + i^|)4 

which shows that || • ||^ and \ ■\i3 are equivalent norms on "Kp. 

Consider the separable Hilbert space M x L^(IR) equipped with the norm 
II • ||i2(R))5. Then the linear operator T : (Jf^, | . I/3) ^ M x L2(M) given by 

T/i := (/i(-c»),/i'e5''l-l), he'Kp 
is an isometric isomorphism with inverse 

{T-\u,g)){x)^u+ f 5(?7)e-5'5|''ld77, {u, g) E R x L^{R). 



Since || • ||^ and | . |^ are equivalent, (Jf^, || . Wp) is a separable Hilbert space. 
Next, we claim that 

Vo := {g e:Kp\g' e ^Kp} 

is dense in 'Kp. Indeed, C^{R) is dense in ^^(E), see Cor. IV.23]. Fix e 
and let {gn)neN C C^(M) be an approximating sequence of /I'e^'^l l in L^(K). Then 
we have hn := T^^{h{— 00), gn) E Do for all n G N and h in "Kp. 
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For each t gR and h g Dip, the function Uth is again absolutely continuous. We 
claim that there exists a constant > such that 

\\Uth\\l < {K3 + ef^^'^)\\h\\l, {t, h)eRx Kp. 



(2.13) 



Using (2.111, we obtain 

\\Uth\\l = \h{t)\^ + |/,'(^ + i)|V«de+ / \h'{^ + t)\'e-f'idi 

Jo J-00 

- \h{t)f + e-^* / Ih'm'e^^d^ + e^* / \h' {Ol'^-'^^d^ 
Jt J -00 

<{Kl + l + eP\'\)\\h\\% h^-Kp. 

Setting := 1 + K2, this establishes (2.131. Hence, we have Uth E "Kp for all 
i e M and /i e Jf /3 and Ut G L{'K(3), t S E. 

It remains to show strong continuity of the group ([/t)teR- Using the observation 

h{£, + t) - h{£,) = t [ h'{^ + st)ds, {£„t, h) e M. x R x :Hp, 



which holds everywhere for an appropriately chosen absolutely continuous repre- 
sentative of ft, G O-Cp, and (2.131, we obtain for each g E Dq the convergence 

\\Utg ~ g\\l ^ \g{t) - gm' + [ |.9'(e + - V'^ldC 



<\git)-gm' + t' 



\g"i^ + st)\^e>^^^^dCds 



< \g(t)-gm' + t' / WUstg'Wjds 



<\9{t)-9m'' + t'\\g'\\l I (X3 + e'^^l*l)rfs 



= \g{t) - 5(0)p + (^K,t' + ^(e^l*l - 1)) ||.9'||^ ^0 as t -> 0. 
Hence, {Ut)teM is strongly continuous on T)q. But for any h G !Kp and e > there 



exists 5 G Do with \\h — g\\p < 



\\Uth -h\\i3< \\Utih - 5)11,3 + \\Utg -g\\f3 + \\g- h\\p 



Combining this with (2.13) yields 



< 



3 + e 



+ \\Utg-g\\f3 + 



< e 



3 + e'- 



for t G K small enough. We conclude that {Ut)teR is a Cp-group on IK^ 
Finally, relation (2.7 1 follows from the definitions of £ and tt. 



□ 



3. Existence of term structure models driven by Wiener process and 

poisson measures 

In this section, we establish existence and uniqueness of the HJMM equation 



(1.9) with diffusive and jump components on the Hilbert spaces introduced in the 
last section. 

Let < /3 < be arbitrary real numbers. The framework is the same as in 
Appendix [A] with H — Hp being the space of forward curves introduced in Section 
[2] equipped with the strongly continuous semigroup {St)t>o of shifts, which has the 
infinitesimal generator A = 

Let a : Hp L°{H^) and J : HpxE ^ H°, . For each j we define : Hp ^ H^ 
as cr-'(ft) := yj~\ja{h)ej. 
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3.1. Assumption. We assume there exists a measurable function $ : E 
satisfying 

(3.1) \T{h,x){^)\ <<P{x), h£Hf:i,xeE and£,eR+ 
a constant L > such that 

(3.2) Mh,) - a(/i2)||L0(H,) < L\\h, -h^y 

(3.3) (^j^e^^-^\\j{hux) ~ ^ih2,x)\\l,F{dx)y < L\\h, - h^^ 

for all hi,h2 G Hp, and a constant M > such that 

(3.4) ||a(/i)|Lo(^^) <M 

(3.5) / e-'^^\Uh,x)\\%VMh,x)\\P)F{dx)<M 
Je 

for all h e Hfj. Furthermore, we assume that for each h £ Hp the map 

(3.6) a2{h) := - / -f{h, x) (enh-^) - l) F(dx), 

■J E 

is absolutely continuous with weak derivative 



(3.7) ^«2(/i)= / liKxYe'^^'^'-^Fidx) 



l{h,x) (^i 



r{h,x) 



l]F{dx). 



3.2. Proposition. Suppose Assumption 3.1 is fulfilled. Then we have auiMiHp) CL 
Hp and there is a constant K > such that 

(3.8) ||aHjM(^i) - aii,m{h2)\\p < K\\hi ~ h-iWp 

for all hi,h2 € Hp. 

Proof. Note that anjM ~ ai + a2, where 

ai{h) ■.= ^a^{h)j:^h), he Hp 



and a2 is given by (3.6). By [THl Cor. 5.1.2] we have <7\h)W{h) e Hf^, h e Hp for 
all j. Let h £ Hp be arbitrary. For n,m £ N with n < m we have, using |18} Cor. 
5.1.2] again, 



j—n+l j—n+1 j—n+1 

Hence, J2j W'^'' W ^ Cauchy sequence in H^, because <T{h) £ L2(i?"). We 
deduce that ai{Hp) C 

For all h £ Hp, X £ E and ^ £R+ we have by and ^\ 

(3.9) \l{h,xm\ < C2\h{h,x)\\p < C2h{h,x)y. 



For all a; e £; and ^ G M+ we have by (|33|, (|2^ and ( p^S l 
(3.10) 

\erik,.m) _ ^1 < e*(-'|r(/i,x)(0| < e*(^)||7(/i,x)|UME+) < Cse''^'=^Mh,x)\\p,. 
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Estimates (|3.9| ), ( |3.10| and ([3^ show that hm^^oo a2{h){0 = 0. From (jSJj), ( |3.9| , 
(3.5) and (2.6) it follows that 



<ClM ( e*("') / 7(/i,a;)(C)2e'3«de^(dx) 



We obtain by (3.10), Holder's inequality, (3.5l and (2.5) 



d( 



eP^d^F{dx) 



< ClM / e'^'^^'^\\-i{h,x)\\%F{dx) < ClM^ 



We conclude that a2{Hfj) C -ff", and hence a-nMiHp) C i?^. 



Let /ii,/i2 S i?;3 be arbitrary. By [TSl Cor. 5.1.2], Holder's inequality, (3.2) and 



(3.4) we have 

\\ai{hi) - ai(/i2)||/3 



2^110 



< 



< 2MLJ6{Ci + 2C4)||/ii - /i2||. 



Furthermore, by (3.7), 



\a2{hi) - a2{h2)\\l < 4(/i + h + h + h), 



where we have put 



R+ \J E 



R+ \J E 



l{h,,x){£,Y (er(''--)(«) - er(/.„.)(0^ j ^^^^^^ 

er('«--)(«)(7(/ii,x)(0'-7(^2,a;)(e)^)F(da;)') e«dC, 



R+ \^_E 



7(/»i,a;)(C) ( 



gr(/u,^)(0 _ gr(/i2,2;)(0 
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We get for all x e E and ^ e M+ by (3.11, (2.3 1 and (2.51 



(3.11) 



Relations (3.111, Holder's inequality, (3.3), (2.4 1, (2.5 1 and (3.5 1 give us 



<ClL^h,-h2\\l / e*(^) / j{h,,xm^e^'id^F{dx) 

J E JM+ 

<ClL'C4hi-h2\\l f e'^^^^\h{hi,x)\\%F{dx) <CiL^C4M\\hi-h 

J E 



2\i% 



For every ^ e M+ we obtain by (3.9 1 and (3.5 1 
(3.12)^ 

3''^-Hj{h,,xm+i{h2,xmrF{dx) 



<2 / e'^(-\^ih,,xm'+lih2,x){Cr)Fidx) 



<2C| / e*(-)||7(/ii,a;)|l2 / e*(-)||7(/i2,x)||^,F(da;) < 4C|M, 



Using (3.11, Holder's inequality, (3.121, (2.6l and (3.3l we get 



h < 



X e^«rf^ 



< 4C|M / e*(^ 



(7(/ii, - 7(/^2, x)(0)'e'3«d^^^(da;) 



<4C|MC5 / e'"^^^\h{h,,xm-l{h2,xm\\%F{dx) 
Je 



<4CiMC5L^\\hi-h 



211/3- 



Using (3.111, Holder's inequality, (3.3 1, (2.51 and (3.51 gives us 



^3 < Cl 



d^ 



i{h,,xm 



<CiL'\\h,~h2\rfi I e- 

IE 



d^ 



e^^d^F{dx) 



< ClL^Whi - h2\\} / e*(^)||7(/ii,2;)||2,F(da:)<C|L2M||/ii-;i2|||. 
Je 
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We obtain by (3.10), Holder's inequality, (3.51, (2.5) and (3.3) 



U < Ci 



||7(/i2,x)||^,e5*(-)e5*(-) 



^7(/»i,^)(0-^7(/i2,a;)(^) 



F{dx) 



X e 



< ClM I e*(") 



e^^d^F{dx) 



< ClM / e''(^^h{hux) - ^{h2,x)\\l,F{dx) < C^ML^Wh, - h^Wl. 



Summing up, we deduce that there is a constant K > such that (3.8 1 is satisfied 
for all /ii , /i2 € Hp . □ 



3.3. Theorem. Suppose Assumption 3.1 is fulfilled. Then, for each initial curve 
ho G L^{^, 3^0iIP; Hp) there exists a unique adapted, cddldg, mean square continuous 
"Hp-valued solution {ft)t>o for the HJM equation (1.10) with /o — £hQ satisfying 



(3.13) 



E 



sup WftWp 

t&[0,T] 



< oo for all T G 



and there exists a unique adapted, cddldg, mean square continuous mild and weak 
Hp-valued solution {rt)t>Q for the HJMM equation with ro — Hq satisfying 



(3.14) 



E 



sup \\rt\\p 
-te[o,T] 



< oo for all T G 



which is given by rt '.= nUtft, t > 0. Moreover, the implied bond market [1.4^) is 
free of arbitrage. 



Proof. By virtue of Theorem|2.1[ ( |3.2|, ( |3.3| , ( [3.5^ , ( |2.5| and ([3^, the Assumptions 
|A.4||A.5]|A.6| are fulfilled. Theorem A. 7| applies and establishes the claimed existence 
and uniqueness result. 

For all he Hp,x e E and f G M+ we have by (Isl), ([23| and ^) 



(3.15) 



1-T{h,xm\ < Je*(-)r(/i,x)(0' 



< V(-)||7(/.,x)||i.(^^)<^e*(-)||7(/i,x)|| 



Integrating (1.5) we obtain, by using [18, Lemma 4.3.2] and (3.15), (3.5) 

for all h G Hp. Combining [i, Prop. 5.3] and [TF! Lemma 4.3.3] (the latter result 
is only required if W is infinite dimensional), the probability measure P is a local 
martingale measure, and hence the bond market is free of arbitrage. □ 

The case of Levy-driven HJMM equation is now a special case. We assume that 
the mark space is i? = E*^ for some e G N, equipped with its Borel cr-algebra 
£ = 23 (M*^). The measure F is given by 

(3.16) F{B) ^ / lB{xfk)Fk{dx), B G S(M'=) 
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where Fi, . . . ,Fe are measures on (M, 13 (M)) satisfying 
(3.17) Fki{0}) = 0, fc=l,...,e 



(3.18) 

and where the {fk)k=i,. 
imphes 

(3.19) 



Ixp A l)Ffe(dx) < oo, k 



denote the unit vectors in W. Note that definition (3.16) 



9{x)F{dx) - ^ / 9{xfk)Fk{dx) 



for any nonnegative measurable function 5 : M"^ ^ M, in particular, the support of 
F is contained in [Jl^i span{/fe}, the union of the coordinate axes in M"^. For each 
fc = 1, . . . , e let ^fc : Hp H^, be a map. We define 7 : Hp x K 



H'^, as 



(3.20) 



j{h,x) ■■=^Sk{h)xklspan{fk}{x). 



k=l 



Then, equation (1.9 1 corresponds to the situation where the term structure model 
is driven by several real-valued, independent Levy processes. For all h G Hp and 
e e K+ we set Afc(/i)(e) := - /^^ 5k{h){ri)dT^, A: = 1, . . . , e. 

3.4. Assumption. We assume there exist constants N,e > such that for all 
k = 1, . . . , e we have 



(3.21) 
(3.22) 



e'^'Fkidx) < 00, z e h(l + e)iV, (1 + e)iV] 

{|x|>l} 

Ak{hm\<N, heHp,C(^R+ 



a constant L > such that {3.2) and 

(3.23) \\5k{hi)~5k{h2)y <L\\h^-h2\\p, fc = l,...,e 

are satisfied for all hi, /12 G Hp, and a constant M > such that (3.4-) and 

(3.24) \\5k{h)y<M, fc=l,...,e 
are satisfied for all h G Hp . 

Now, we obtain the statement of [1^1 Thm. 4.6] as a corollary. 



3.5. Corollary. Suppose Assumption \3.Ji\ is fulfilled. Then, for each initial curve 
ho G L^(Jl, 3^0, V', Hp) there exists a unique adapted, cddldg, mean square continuous 
yip-valued solution {ft)t>o for the HJM equation (1.10) with fo = £ho satisfying 
{ 3.l3j^ , and there exists a unique adapted, cddldg, mean square continuous mild 
and weak Hp-valued solution {rt)t>o for the HJMM equation with tq = Hq 

satisfying (3. 14-), which is given by rt := TrUtft, t>0. Moreover, the implied bond 
market {I.4) is free of arbitrage. 



Proof. Using (3.221, the measurable function <f> : M"^ ^ M_|_ 

e 

$(x) := |2:fc|lspan{/fc}(2;)' ^ ^ 



defined as 



k=l 
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satisfies (3.1 1. For each k — 1, . . . ,e and every m e N with m > 2 we have, by 



(3.181 and (3.211 



(3.25) 



\x"'e'''\Fk{dx) < I |xrel""lFfc(da;) < / \xre'^^+i^^^''^ Fk{dx) 



< 2 



\xrFk{dx) + 



= (l+«)JV|i;| 



Fk{dx) < oo 



for al l z £ | ~(1 + |)iV (1 + |)iV]. Taking i nto ac count (3.191, (3.251, relations 
(3.231, (3.241 imply (3.3), (|3.5|). Furthermore, (3.251 and Lebesgue s theorem show 



that the cumulant generating functions 



He'''' -1- zx)Fk{dx), k^l,...,e 

JR 

belong to class C°° on the open interval (— (1 + |)A^, (1 + f)N) with derivatives 
^'.(z) - / xie'- - l)F,{dx), 



a;"e^^Ffe(da;), m > 2. 



Therefore, and because of (3.191, we can, for an arbitrary h £ Hfj, write a2{h), 
which is defined in (3.6), as 



Hence, a2{h) is absolutely continuous with weak derivative (3.7). Consequently, 
Assumption |3 . 1 1 is fulfilled and Theorem |3.3| applies. □ 



Note that the boundedness assumptions (3.4), (3.5) of Theorem 3.3 resp. (3.4) 



(3.24) of Corollary 3.5 cannot be weakened substantially. For example, for arbitrage 



free term structure models driven by a single Brownian motion, it was shown in 
[5T1 Sec. 4.7] that for the simple case of proportional volatility, that is cr{h) — aoh 
for some constant ctq > 0; solutions necessarily explode. We mention, however, that 
|36l Sec. 6] contains some existence results for Levy term structure models with 
linear volatility. 

4. POSITIVITY PRESERVING TERM STRUCTURE MODELS DRIVEN BY WiENER 
PROCESS AND POISSON MEASURES 

In applications, we are often interested in term structure models producing posi- 
tive forward curves. In this section, we characterize HJMM forward curve evolutions 



of the type (1.9 1, which preserve positivity, by means of the characteristic coeSi- 



cients of the SPDE. In the case of short rate models this can be characterized by the 
positivity of the short rate, a one-dimensional Markov process. In case of a infinite- 
factor evolution, as described by a generic HJMM equation (see for instance [2]), 
this problem is much more delicate. Indeed, one has to find conditions such that a 
Markov process defined by the HJMM equation (on a Hilbert space of forward rate 
curves) stays in a "small" set of curves, namely the convex cone of positive curves 
bounded by a non-smooth set. Our strategy to solve this problem is the following: 
first we show by general semimartingale methods necessary conditions for positiv- 
ity. These necessary conditions are basically the described by the facts that the 
Ito drift is inward-pointing and that the volatilities are parallel at the boundary of 
the set of non-negative functions. Taking those conditions we can also prove that 
the Stratonovich drift is inward pointing, since parallel volatilities produce parallel 
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Stratonovich corrections (a fact which is not true for general closed convex sets but 
true for the set of non-negative functions P). Then we reduce the sufficiency proof 
to two steps: first we essentially apply results from [34] in order to solve the pure 
diffusion case and then we slowly switch on the jumps to see the general result. 

Let be the space of forward curves introduced in Section [2] for some fixed 
(3 > 0. We introduce the half spaces 

H+ {heH^l h{C) > 0}, e e M+ 

and define the closed, convex cone 

p - n 

consisting of all nonnegative forward curves from Hfj. In what follows, we shall use 
that, by the continuity of the functions from Hfj, we can write P as 

Ce(o,oo) 

Furthermore the edges 

dPr.= {heP\hiO = 0}, ^e(0,cx3). 

First, we consider the positivity problem for general forward curve evolutions, where 
the HJM drift condition (1.5) is not necessarily satisfied, and afterwards we apply 
our results to the arbitrage free situation. 

We emphasize that, in the sequel, we assume the existence of solutions. Sufficient 
conditions for existence and uniqueness are provided in Appendix |X] for general 
stochastic partial differential equations and in the previous Section|3]for the HJMM 
term structure equation (1.9 1. 

Again, the framework is the same as in Appendix |A] with H — Hp being the 
space of forward curves, equipped with the strongly continuous semigroup {St)t>o 
of shifts, which has the infinitesimal generator A= 

At first glance, it looks reasonable to treat the positivity problem by working 
with weak solutions on iJ^. However, this is unfeasible, because - as the next lemma 
reveals - the point evaluations at ^ G (0,oo), i.e., a linear functional C, G Hp such 
that h(^) = {C,h) for all h G Hp, do never belong to the domain X'((^)*) of the 
adjoint operator. 

4.1. Lemma. For each ^ G (0, oo) the linear functional h i-^ ft-'(0 • '^(^) ^ is 
unbounded. 

Proof. Let ^ G (0, oo) be arbitrary. We define -0 : M ^ M as 

3 1, ?7 > 



■4>{ri) := 



?7 < 0. 



Furthermore, we define <y9 : M ^ M as (p{ri) :— etp{l — 77^), and for each n G N we 
define the mollifier : M ^ M by fn{v) ■— 'rnp{nrj). Then, for each n G N we have 
ipn e C°°(M) with supp((^„) C [-^, i], see, e.g., ^ p. 81,82]. There exists no G N 
such that ^ — - > for all n > uq. For each n > rig we define : M ^ M as 
gniv) lo VniC - OdC and /i„ : M+ ^ K as /i„ := g„|H+. 

Then we have /i„ G D(^) with \h'^{r,)\ < n, r? G - ^, C + si and K{0\ = n 
for all n > Uq. The estimate 

Whr^f = /^^^ K{7^)fe^'^dr, < -n^e'^^^+i) = 2e^«+i)n, n>no 
shows that the linear functional h t-^ h'{£) : 'D(^) ^ M is unbounded. □ 
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Therefore treating the positivity problem with weak solutions does not bring an 
immediate advantage, hence we shall work with mild solutions on Hp. 

Let a : Hp Hp, a : Hp — > L2{Hp) and 7 : Hp x E ^ Hp be given. For each j 
we define : Hp - 
the HJM equation 



Hp as a^{h) :— y'Xja{h)ej. We assume that for each hg £ P 



(4.1) 



/o 



+ U_tei{7TUtft-,x){fi{dt,dx) - F{dx)dt) 

eho, 



has at least one solution {ft)t>o- Then, because of (2.7l, the transformation rt 
T^Utft, t > is a mild solution of the HJMM equation 

(4.2) 



drt = 



{^rt + a{rt))dt + J2j'7'irt)dPi + Jj^jirt-,x){n{dt,dx) - F{dx)dt) 



ro = ho. 



4.2. Definition. The HJMM equation (4.2) is said to be positivity preservi ng if 
for all ho € 1/^(0, -^^/s) with¥{ho G P) = 1 and every solution {ft)t>o of (4-.1) 
with fo = iho we have PdHtGR+i^* ^ ^}) ~ ^' where rt :— Trlltft, t >0. 

4.3. Remark. Note that seemingly weaker condition that P{{rt G P}) = 1 for 
all t e M+ is equivalent to condition of the previous definition due to the cddldg 
property of the trajectories. 



4.4. Definition. The HJMM equation is said to be locally positivity preserv- 

ing if for all Hq G L'^(fl,3^0j^: Hp) with P(/io G P) = 1 and every solution {ft)t>o 
of with fo — Iho there exists a strictly positive stopping time r such that 

^{'^tmA^tAT e P}) = 1, where rt := nUtft, t > 0. 



4.5. Lemma. Let ho & P be arbitrary and let {ft)t>o be a solution for (4--1) with 
fo — iho. Set rt :— TrUtft, t >0. The following two statements are equivalent: 

(1) WehaveP{nteRjrteP}) = l. 

(2) We have V{f]^^^^J.^{ft{T) > 0}) = 1 for all T G (0,oo). 

Proof. The claim follows, because the processes {rt)t>Q and {ft{T))te[o,T] for an 
arbitrary T G (0, 00) are cadlag, and because the functions from Hp are continuous. 

□ 

4.6. Assumption. We assume that the maps a : Hp Hp and a : Hp L\{Hp) 
are continuous and that h t-^ Jgj{h,x)F{dx) is continuous on Hp for all B ^ E. 
with F{B) < 00. 



4.7. Proposition. Suppose Assumption 4-6 is fulfilled. If equation {4-2) is positivity 
preserving, then we have 



(4.3) 
(4.4) 



"f{h,x){^)F{dx) < 00, for all^e (0,cx)), h G dP^ 

- / lih, x){^)F{dx) > 0, for all ^ G (0, 00), G dP^ 



(4.5) 
(4.6) 



a^h){^) = 0, for all ^ G (0, 00), /i G dP^ and all j 

h + 7(/i, x) G P, for all /i G P and F -almost all x Cz E. 



4.8. Remark. Notice that, by Holder's inequality. Assumption is implied by 
Assumptions A. 5 A.(\ and therefore in particular by Assumption\3.1\ 
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4.9. Remark. In view of (4--3), observe that condition (4--6) implies 

(4.7) 7(/i, x){i) > 0, for all ^ G (0, oo), /i G dP^ and F-almost all x e E. 



4.10. Remark. Notice that conditions (4.3) and (4.4) can be unified to 



\j{h,x){0\F{dx)<a{hm 



for all^>0 and h € dP^. 



Proof. Let Hq € Phe arbitrary and let {ft)t>Q be a solution for (4.1 ) with /q = £ho- 
By Lemma 4.5 for each T € (0, oo) and every stopping time r < T we have 

(4.8) 



V(T) > 0) = 1. 

Let G [/g be a linear functional such that cf)^ := (/jCj ^ for only finitely many j, 
and let ■0 : -E' Hi be a measurable function of the form = cIb with c > — 1 and 
B G £ satisfying i^(-B) < oo. Let Z be the Doleans-Dade Exponential 



^p{x){^l{ds, dx) - F{dx)ds) , i > 



By [251 Thm. 1.4.61] the process Z is a solution of 

Zf = 1 + V 0^ / ZsdPl +11 Zs-ip{x){^i{ds, dx) - F{dx)ds), t > 

j Jo Jo J E 

and, since > —1, the process Z is a, strictly positive local martingale. There 
exists a strictly positive stopping time Ti such that Z'^^ is a martingale. Due to the 
method of the moving frame, see [5D], we can use standard stochastic analysis, to 
proceed further. For an arbitrary T G (0,oo), integration by parts yields (see |25l 
Thm. L4.52]) 



(4.9) 



ft{T)Zt= / f,^{T)dZs+ / Zs-df,{T) + {f{TY,Z-)t 



Y,Ms{T)AZs, t>0. 



s<t 



Taking into account the dynamics 

ft{T)=iho{T)+ f U-da{^Usfs){T)ds + Y. I U-si<J^7rUsfs){T)d/3i 

Jo , "'0 



(4.10) 



we have 



+ / / U^sil{'^Usfs-,x){T){fi{ds,dx) - F{dx)ds), t>0 

Jo J E 



(4.11) (/(^)^ Z^)t = y2^ f ZsU-sia^{7rUsfs){T)ds, t > 

(4.12) VA/,(T)AZ, = / [ Zs^^{x)U-sei{7TUsfs-,x){T)fi{ds,dx), t>0. 

Incorporating (4.10), (4.11) and ( 4.12[ ) into (4.9), we obtain 

ft{T)Zt^Mt+ f Zs-(u^sia{7rUJs-)iT) + y2(t^U^secT^{7rUJ,^){T) 
Jo V ^ 

+ [ i^{x)U^sHT^Usfs-,x){T)F{dx))ds, t > 



(4.13) 
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where M is a local martingale with Mq — 0. There exists a strictly positive stopping 
time Ti such that iW^^ is a martingale. 

By Assumption |4. 6| there exist strictly positive stopping times T3, T4, and con- 
stants a, a-(0), 7(?/j) > such that 

|C/_(Mr3)^a(7I'C/tAr3/(tAr3)-)(T)| < (5, t > 



<a{(j)), t>0 



ll}{x)U_(tAT^/-l{T:Ut,^rJ(tAT^)-,x){T)F{dx) 



<7W, t>0. 



Let B := {x e E : Hq +j{hQ,x) ^ P}. In order to prove (4.6 1, it suffices, since F 
is CT-finite, to show that F{B (1 C) = for all C G £ with F{C) < oo. Suppose, 
on the contrary, there exists C E £ with F{C) < oo such that F{B DC) > 0. 
By the continuity of the functions from Hp, there exists T S (0,oo) such that 
F{Bt n C) > 0, where Bt {x € E : ho{T) + j{ho,x){T) < 0}. We obtain 



-f{ho,x){T)F{dx) < 



BtHC 



{ho{T)+j{ho,x){T))F{dx) <0. 



BtHC 



By Assumption 4.6 and left continuity of the process /._, there exist ij > and a 
strictly positive stopping time tq <T such that 



U-(tAT6)ili'^U(^tA.Te}f{tAT6)-,x){T)F{dx) <-ri, t> 0. 

BtHC 

_ a+l - 



Let ^ := 0, V' := ^^plfirnc and t Ai=i'''i- Taking expectation in (4.13) we 
obtain E[fr{T)Zr] < 0, implying P(/r(T) < 0) > 0, which contradicts (|4.8|). This 
yields 

From now on, we assume that ho e dPx for an arbitrary T g (0, oo). 
Suppose that a^{h())(T) ^ for some j. By the continuity of a (see Assumption 



4.6) there exist 77 > and a strictly positive stopping time tq < T such that 

\U^itAre)i^\7rUtArefitAreH)iT)\ > 7/, t> 0. 



Let (j) £ Uq he the linear functional with 4>^ 



'Sign{a^{ho){T))^ and cj)'' ^ 



for k j. Furthermore, let ^ := and r := Ti. Taking expectation in (4.13) 
yields E[/^(T)Z^] < 0, implying P(/r(T) < 0) > 0, which contradicts (|48]). This 
proves (4.5). 



Now suppose J^^{ho,x){T)F{dx) = oo. Using Assumption 4.6 relation (4.7) 
and the cr- finiteness of -F, there exist B E E with F{B) < oo and a strictly positive 
stopping time Tg < T such that 

^ U.^tAr,}H^UtAref{tAr,)-,x){T)F{dx) <-{&+!), t > 0. 



Let (j) :— 0, t/j := —^1b and r := Ai=i Taking expectation in |4.13| we obtain 
E[fr{T)Zr] < 0, implying P(/r(T) < 0) > 0, which contradicts (|fepThis yields 

Since F is cr-finite, there exists a sequence {Bn)neN C £ with i?„ | E' and 
F{Bn) < oo, n e N. Next, we show for all n € N the relation 



(4.14) 



a{ho){T)+ / Mx)j{ho,x)iT)F{dx)>0, 



where ipn ■= ^ (1 — -)1b„. Suppose, on the contrary, that (4.14) is not satisfied 
for some n E N. Using Assumption 4.6 there exist 77 > and a strictly positive 
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stopping time tq < T such that 

U_^tATe/a{TTUtf(tATe)-)iT) 

+ ^n{x)U_^tATe)hi'^UtATj{tATe)~iX){T)F{dx) < -7], t>0. 



Let (j) :— and r := Ai=i '''i- Taking expectation in (4.13 
implying P(/r(T) < 0) > 0, which contradicts (|4.8|). T 



(4.3) and Lebesgue's theorem, we conclude (4.4 1. 



we obtain E[/^(r)Z ^] < , 
lis yields ^A^. By ( |4ll| , 

□ 



We shall now present sufficient conditions for positivity preserving term structure 
models. In the sequel, we suppose that Assumptions |A.5[ A.6| are fulfilled, which 
ensures existence and uniqueness of solutions by Theorem A. 7 



4.11. Lemma. Suppose Assumptions A. 5 A. 6 are fulfilled. If equation (^.^) is 
locally positivity preserving and we have (-i-d), then equation (4--2) is positivity 
preserving. 

Proof. Let ft-o G 9^0, P; ^^/j) be arbitrary. Moreover, let {rt)t>Q be the mild 

solution for (4.2 1 with ro — Hq. We define the stopping time 

(4.15) To inf{t > : rt ^ P}. 



By the closedness of P and (4.6 1 we have r-r„ G P on {tq < oo}. We claim that 
To = oo. Assume, on the contrary, that 

(4.16) P(to < iV) > 

for some N £N. Let ti be the bounded stopping time ti :— tq A N. We define the 
new filtration (!ff)t>o, the new Q- Wiener process W and the new Poisson random 
measure ft as in Lemma A. 9 Note that G L'^{^l,S'o,P; Hp), because, by (3.141, 
we have 



ri 11/3 



] < E 



sup \\rt\\l 
te[o,Ar] 



< oo. 



A.9 



the (3^t)-adapted process fj :— r^^+j is the unique mild solution 



By Lemma 
for 

r dh = {^Pt + a{h))dt + J2j<^'{rt)dPi + Jj^-fih-,x){fL{dt,dx)-F{dx)dt) 

Since equation (4.2 1 is locally positivity preserving and P(rT-j G P) = 1, there 
exists a strictly positive stopping time T2 such that P(nteR+ ^tAT2 G P) = 1. Since 
{to < N} C {to = Ti}, we obtain 

rro+t G P on [0, T2] n {to < N}, 



which is a contradiction because of (4.161 and the definition (4.151 of tq. Conse- 
quently, we have To = 00. 

4.12. Assumption. We assume a E {H ; L^{H)) , and that the vector fields 

h ^ (t"(/i) -.^ a{h) - ]^'^D(j^{h)(j^{h), h^ai{h) 

3 

are globally Lipschitz from H to H . 



□ 



4.13. Lemma. Suppose Assumption J^.12 and relation (4.5l are fulfilled. Then we 
have 

(^Da'{h)a'{h)){^) = 0, for all ^ G (0,oo), /i £ SPj. 
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Proof. It suffices to show {Dcr^ {h)a^ {h)){^) for all h E dP^ and all j. Therefore 
let j be fixed and denote a — . By assumption for all h > with /i(^) = we 
have that a{h){£^) = 0. In other words the volatility vector field a is parallel to the 
boundary at boundary elements of P. We denote the local flow of the Lipschitz 
vector field a by Fl being defined on a small time interval ] — e, e[ around time and 
a small neighborhood of each element h G P. We state first that the flow Fl leaves 
the set P invariant, i.e., Flt(/i) > if /i > 0, by convexity and closedness of the 
cone of positive functions due to [40]. Indeed, P is a closed and convex cone, whose 
supporting hyperplanes I (i.e., a linear functional / is called supporting hyperplane 
of P at /i if 1{P) > and l{h) = 0) are given by appropriate positive measures fi 
on M-|_ via 

m = [ HOKdO, 

whence condition (4) from [JD] is fulfilled due to ( |4.5| ). Next we show that even 
more holds: the solution F\t{h) evaluated at ^ vanishes if h{S^) = 0, which we show 
directly. Indeed, let us additionally fix /i S dP^, i.e., h > and h{^) = 0. Looking 
now at the Picard-Lindelof approximation scheme 

c("+i)(t) = f a{c^''\s))ds 
Jo 

with c^'^\0) = h and c''''-'(s) = h for s,t g] — e, e[ and ti > 0, we see by induction 
that under our assumptions 

c(")(i)(O = 

for all rt > and i s] — e, e[ for the given fixed element h. Consequently - as n — > oo 
- we obtain that Flt(/i)(^) = 0, which is the limit of c^'^\t). Therefore 

{Da{h)a{h)m = ^\s=o<y{Fls{h)m) = 0, 
as 

since Fit (ft,) > by invariance and Flt(/i)(^) = by the previous consideration lead 
to cr(Flt(ft,))(^) = for i e] — e, e[. Notice that we did not need the global Lipschitz 
property of the Stratonovich correction for the proof of this lemma. □ 



Before we show sufficiency for the HJMM equation (4.2 1 with jumps, we consider 



the pure diffusion case. Notice that due to Lemma 4.13 



the condition (4.4 1 is in 



fact equivalent to the very same condition formulated with the Stratonovich drift 
cr" instead of a, since the Stratonovich correction vanishes at the boundary of P. 

In order to treat the pure diffusion case, we apply [S^, which, by using the 
support theorem provided in [3^, offers a general characterization of stochastic 
invariance of closed sets for SPDEs. 

Other results for positivity preserving SPDEs, where, in contrast to our frame- 
work, the state space is an L^-space, can be found in [S7j and [SU]. The results from 
|30j have been used in |36j in order to derive some positivity results for Levy term 
-spaces. 



4.14. Proposition. Suppose Assumptions \A.6\ are fulfilled and 7 = 0.// 



conditions (4-4K {4-5) are satisfied, then equation (4-2) is positivity preserving. 



Proof. First we assume that the vector fields for j > are bounded in order to 
apply Nakayama's beautiful support theorem from [51] . Namely, for rt G N we choose 
a function tpn G C°°{H; [0, 1]) such that ipn = 1 on P„(0) and supp(-!/'„) C P,i+i(0) 
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and define the vector fields 

an{h) := ipn{h)a{h), 



\Y.D<{h)ai{h), 



which again satisfy Assumptions A. 6 4.12 as well as conditions (4.4 1, (4.51 



We therefore show that the semigroup Nagumo's condition (3) from [33, Prop. 
1.1] is fulfilled due to conditions (4.4 1 and (4.5 1. Introducing the distance dp{h) 
from P as minimal distance of h from P, we can formulate Nagumo's condition (3) 



as 



\mimi'^dp{Sth + ta^(h) + ta{h)u) =0 

for all u £ Uq and h (z P. Fix now /i G P and u £ Uq and introduce the abbreviation 
a = + cr(-)u, then obviously 

\\Sth + ta^{h) + ta{h)u - St Fl^/i)!!/? = t 

which means that 

1, 



cj{h) - St 



Fit (h) ~ h 



lim -\\Sth + ta^{h) + ta{h)u - St Fl1{h)\\p = 0. 
Hence Nagumo's condition can be equivalently formulated as 

YiTiiinijdp{St¥lt{h)) = 0, 



for the particular choice of u and h £ P. Due to conditions (4.4) and (4.5 1 the 



semifiow Fl'^ leaves P invariant by [40 , the semigroup St certainly, too, therefore 
dp{St Fl^{h)) = and whence Nagumo's condition is more than satisfied. □ 

4.15. Remark. Having in mind the method of the moving frame, we could also have 
shown the Nagumo condition by argueing with time-dependent versions of Section 4 
of |38j or |40j . The method of the moving frame would work well in this particular 
case, since the convex set HtemStP of functions positive on the whole real line M is 
invariant under the action of the shift S . 



4.16. Proposition. Suppose Assumptions A. 5 A. 6 4-. 12 and conditions {4-3), 
(4-4h {4-5), {4-6) are fulfilled. Then, equation (4-2) is positivity preserving. 



Proof. Since the measure F is cr-finite, there exists a sequence (P„)„gN C £ with 
Bn ] E and P(P„) < oo for all n e N. Le t e L'^{n,3^Q,f';Hp) be arbitrary. 
Relations (4.4 1, ( |4.7[ ), (4.51, Proposition 4.14 and (4.6 1 together with the closedness 
of P yield that, for each n G N, the mild solution (r")t>o of the stochastic partial 
differential equation 

(4.17) 



dr^ 



satisfies P(n 



+ /b„ 7(^r->2;)Ai(rfi,da;) 
= ho 

^ G P) = 1 , where r denotes the strictly positive stopping time 
inf{t > : fi{[0,t] X Bn) = 1}. 
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By virtue of Lemma 4.11[ for each n e N equation (4.171 is positivity preserving. 
According to [20l Prop. 9.1] we have 



E 



sup \\rt 
te[o,T] 



't 11/3 



for all T e 



proving that equation (4.2 1 is positivity preserving 



□ 



Finally the next theorem states the sufficient conditions under which we can 



conclude that the solution of equation (4.2) is positivity preserving 



4.17. Theorem. Suppose Assumptions \X7^ 1^-^ \4-^^ fulfilled. Then, for each 
initial curve Hq G L'^{fl,3^o,V; Hp) there exists a unique adapted, cddldg, mean 
square continuous yip-valued solution {ft)t>o for the HJM equation with 



fo — iho satisfying (3.13), and there exists a unique adapted, cddldg, mean square 
continuous mild and weak Hp-valued solution {rt)t>o for the HJMM equation 
with Tq = /iQ satisfying (3. 14-), which is given by rt :— i^Utft, t > Q. Moreover, 



(4-6) 



equation (4-2) is positivity preserving if and only if we have {4-3), {4-4K (4-5), 



Proof. The statement follows from Theorem A. 7 Proposition 4.7 (see also Remark 
48|) and Proposition |4.16| □ 



4.18. Remark. Note that Theorem \4 . 1 '/\ is also valid on other state spaces. The only 
essential requirement is that the Hilbert space H consists of continuous, real-valued 
functions on which the point evaluations are continuous functionals, and that the 
shift semigroup extends to a strongly continuous group in the sense of Assumption 



4.19. Remark. For the particular situation where equation {4-2) has no jumps. 
Theorem J^.ll corresponds to the statement of [.3D' Thm. 3], where positivity on 
weighted L'^ -spaces is investigated. Since point evaluations are discontinuous func- 
tionals on LF' -spaces, the conditions in [30 are formulated by taking other appro- 
priate functionals. 

We shall now consider the arbitrage free situation. Let a — anjM '■ Hp ^ Hp in 



(4. 2 1 be defined according to the HJM drift condition (1.51 



4.20. Proposition. Conditions {4-3), {4-4h {4-5), (4-6) are satisfied if and only if 
we have (4-5), \4-(^ O'f^d 

(4.18) 



7(/i, x){£) = 0, ^ e (0, cx)), h e dP(_ and F-almost all x <E E. 



Proof. Provided (4.5l, (4.6) are fulfilled, conditions (4.3l, (4.4) are satisfied if and 



only if we have (|4.3P and 
(4.19) 



-f{h,x){£,)e^^''^''^^^^F{dx) > 0, ^ G (0,oo), h e dP^ 



because the drift a is given by (1.5). By (4.7), relations (4.3 1, (4.19) are fulfilled if 
and only if we have ( 4.18| . □ 

L'^iHfj) and : Hp X E H^, 



4.21. Theorem. Suppose Assumption \3. 1\ is fulfilled, suppose furthermore that a G 
C^{H;L^{H)), and that the vector field 



Now let, as in Section |3j coefficients a : Hp 
be given, where /?' > /? is a real number. 



2^ 

i 



Da^{h)a\h) 
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is globally Lipschitz from H to H. Then, the statement of Theorem \ 3.S\ is valid. 



and, in addition, the HJMM equation {1.9) is positivity preserving if and only if we 
have (J^, (pJgp. 



Proof. The statement follows from Theorem |3.3[ Theorem |4.17| and Proposition 
14:201 □ 

Finally, let us consider the Levy case, treated at the end of Section [3] In this 
framework, the following statement is valid. 



we have (4--5) and 



4.22. Proposition. Conditions (4--5), (4--6) md (4-18) are satisfied if and only if 



(4.20) h + 5k{h)x e P, /i e P, fc = 1, . . . , e and Fk-almost all x eM. 

(4.21) 4(/i)(^)=0, ^ e {0,00), h e dP^ and all k= 1,.. .,e with Fk{R) > 0. 



Proof. The claim follows from the definition (3.16) of F and the definition (3.20) 
of 7. □ 

4.23. Corollary. Suppose Assumption \3 .4\ is fulfilled, suppose furthermore that a € 
C^{H;L^{H)), and that the vector field 

/iK.-i^i?a^(;i)a-'"(/i), 
is globally Lipschitz from H to H. Then, the statement of Corollary is valid. 



and, in addition, the HJMM equation [1.9) is positivity preserving if and only if we 
have U^, UJ^, UJ^. 



Proof. The assertion follows from Theorem 4.21 and Proposition 4.22 



□ 



Our above results on arbitrage free, positivity preserving term structure models 
apply in particular for local state dependent volatilities. The following two results 
are obvious. 



4.24. Proposition. Suppose for all j there are 
E R such that 



and 7 



(4.22) a^^hm^^'iLHO), {h,0(^HpxR+, for all j 

(4.23) j{h,x){0=l{^,h{0,x), {h,x,OeHf,xExR+. 
Then, conditions (4--(>h f^--?*? ) are fulfilled if and only if 

(4.24) a:' (^,0)=0, ^e(0,(X3), for all 3 

(4.25) y + 7(f, y, a;) > 0, e {0,00), y eR+ and F -almost all x e E 

(4.26) 7(^, 0, x) = 0, ^ e (0, 00) and F -almost all x e E. 

Levy term structure models with local state dependent volatilities have been 



studied in [36] and [28]. In the framework of Proposition 4.22 we obtain 
4.25. Proposition. Suppose for all j there are : M 



and for all 



fc = 1, . . . , e there are Sk '. R+ x M ^ M such that we have (4--22) and 

(4.27) 5k{hm^~5k{£..h{i)), {h,OeHpxR+, fc = l,...,e. 

Then, conditions (4-5), ^^20), (4-21) are fulfilled if and only if we have (4-24) and 

(4.28) 



y + 5k{Ly)x>Q, ee(0,oo),yeM+,fc = l, 



, e and Fk-almost all x G 



(4.29) 



4(^,0) =0, ^ e (0,00) and all k = 1,. . . ,e with Fk{R) > 0. 
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Section 5 in [36 contains some positivity results for Levy driven term structure 
models on weighted i^-spaces. Using Proposition 4.25 we can derive the analogous 
statements of [36, Thm. 4] on our _ff^-spaces. 

5. The Brody-Hughston equation: Existence and uniqueness 

Let {H, II • II) now denote a state (Hilbert) space of continuous, integrable real- 
valued maps on M, where the shift semigroup acts as a strongly continuous group, 
for instance We need one notation for the sake of simplicity: Let p de- 

note a probability density on extended by to the whole real line, and 77 S 
Li(M,p(-)du). 

5.1. Assumption. We assume J^\\j{0,x)\\'^F(dx) < 00 and that there exists a 
constant L > such that 

(5.1) \\a{hi) - aih2)\\L0i^H) < L\\hi - h2\\, 

(5.2) ( [ \\j{h,,x)-j{h2,x)\\^F{dx)y <L\\h,~h2\\ 



for all ft-i, G H . 

Furthermore we assume for all p (z H that 



(5.3) / (j{p){u)du^Q, 

Jq 

and we assume that 

(5.4) aipm = 

for all pe P, £.>0 and p(0 = 0. 
For the jump fields we assume that 

(5.5) p + "f{p, x) G P, for all p ^ P and F-almost all x Cz E, 

(5.6) - / 7(p, x)F{dx){£,) > 0, for all ^ G (0, 00), p e dP^, 
and finally that 

/>oo 

(5.7) / -f{p,x){u)du^O 



for all p € H and F-almost all x E. 

Under theses assumptions we can prove the following theorem: 

5.2. Theorem. The following equation, which we call henceforward Brody-Hughston 
equation, 

( dpt = {^^pt + Pt{0)pt)dt + j:^ai{pt)d(3i 
(5.8) i +-f{pt-,x){p{dt,dx) ~ F{dx)dt) 

[ Po H, 

has a unique adapted, cddldg, mean square continuous mild and weak solution for 
all times in H , which leaves the set of densities invariant. Furthermore 



P(t,T) = / p{t,u)du 

JT-t 

for < t <T defines an arbitrage-free evolution of bond prices, i.e. the discounted 
bond price processes 



exp - ^ Ps{0)ds^ 



00 

p{t, u)du 

T-t 



are local martingales for < t <T. 
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Proof. The proof is a direct application of Theorem 4.17 (see also Remark 4.181 



The mass of pt is preserved since applying the linear functional 

/>oo 

p{u)du 

Jo 

makes the right hand side vanish. □ 
5.3. Remark. Notice the conceptual simplicity of the Brody-Hughston equation 



(5.8) in contrast to the HJM equation. In particular, adding jumps to the Brody- 
Hughston equation is less delicate than in the HJMM case. Remark also that posi- 
tivity is the crucial issue for the HJMM equation as well as for the Brody-Hughston 
equation. 

5.4. Remark. We can define the average of rj at p 

V — rj{u)p{u)du. 







We suppress in this notation the dependence on p, but it should be clear at every 
moment, where it appears, which p is meant. Vector fields, volatilities or jump fields, 
satisfying Assumptions\571\ can then be chosen of the form 



p i-> (a(p) - {a{p))p, 

for some a : H H appropriately chosen. In this case, i.e., and 7 chosen of 
the previous type, one can try to divide the equation by p in order to show positivity 
directly, which works up to some regularity questions. Our approach chosen here is 
more general since we do not need to assume that the vector fields factor by p. 

Appendix A. Stochastic partial differential equations driven by 
Wiener process and Poisson measures 

For convenience of the reader, we provide the crucial results on stochastic par- 
tial differential equations driven by Wiener process and Poisson measures in this 
appendix. For this purpose, we follow [2D], where we understand stochastic partial 



differential equations - in this paper, the HJMM equation ( 1.9 1 - as time-dependent 



transformations of stochastic differential equations - in this text, the HJM equation 



(1.10 1. Other references for existence and uniqueness results on stochastic partial 



differential equations driven by Wiener process and Poisson measures are [T] and 

m- 

Let H denote a separable Hilbert space with inner product (•, •) and associated 
norm |j • ||. 

Furthermore, let {St)f>o be a Cp-semigroup on H with infinitesimal generator 
A : D(A) d H ^ H.We denote by A* : T){A*) d H H the adjoint operator 
of A. Recall that the domains D{A) and 1){A*) are dense in H, see, e.g., [H] Satz 
Vn.4.6, p. 351]. 

Let (ri,3^, (?'t)t>o,P) be a filtered probability space satisfying the usual condi- 
tions. 

Let U be another separable Hilbert space. Whenever there is no ambiguity pos- 
sible, we also denote by (•, •) its inner product, and by || • || its associated norm. Let 
Q £ L{U) be a compact, self-adjoint, strictly positive linear operator. Then there 
exist an orthonormal basis {ej} of U and a bounded sequence A^- of strictly positive 
real numbers such that 

Qu — Aj(M, ej)ej, u G U 
3 

namely, the \j are the eigenvalues of Q, and each e,j is an eigenvector corresponding 
to Aj, see, e.g., gH Thm. VI.3.2]. 
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The space ?7o ■— equipped with inner product {u,v)uo ■— {Q^^u,Q^iv)u, 

is another separable Hilbert space and {^yXjCj} is an orthonormal basis. 

Let be a Q- Wiener process UHl p. 86,87]. We assume that Tr Q = J2j < oo. 
Otherwise, which is the case if VF is a cylindrical Wiener process, there always exists 
a separable Hilbert space Ui D U on which W has a realization as a finite trace 
class Wiener process, see [101 Chap. 4.3]. 

We denote by L2{H) := L2{Uo, H) the space of Hilbert- Schmidt operators from 
Uq into H, which, endowed with the Hilbert-Schmidt norm 



itself is a separable Hilbert space. 

According to [101 Prop. 4.1], the sequence of stochastic processes {(3^} defined as 
f3^ := —j={W,ej) is a sequence of real-valued independent (?'t)-Brownian motions 

and we have the expansion 

(A.l) W = J2V^P'ei^ 

3 

where the series is convergent in the space M'^{U) of [/-valued square-integrable 
martingales. Let <i> : f2 x L2{H) be an integrable process, i.e. (f> is predictable 

and satisfies 



^ ||«'t|lio(^)di < oo^ 1 foralireM+. 



Setting := ^J\j<^ej for each j, we have 

(A.2) /* '^sdW, = V /' ^IdPl , teR+ 

Jo J Jo 

where the convergence is uniformly on compact time intervals in probability, see 
[M Thm. 4.3]. 

Let {E, £) be a measurable space which we assume to be a Blackwell space (see 
[TTl 125]). We remark that every Polish space with its Borel cr-field is a Blackwell 
space. 

Furthermore, let fj, he a, homogeneous Poisson random measure on IR+ x E, see 
[^ Def. n.1.20]. Then its compensator is of the form dt (g) F{dx), where is a 
cr-finite measure on (E, £). 

We shall now focus on (semi-linear) stochastic partial differential equations 

(A.3) 

f drt = {Art + a{rt))dt + J2J^Hn)d|3i + J^-f{rt^,x){^l{dt,dx)^F{dx)dt) 
[ ro ^ ho 

on the separable Hil bert space H with coefficients a : H ^ H, a . H ^ -^2(^) ^^id 
^ : H X E ^ H. In (A.3 1, we have defined : H ^ H as a^{h) :— ^/\ja{h)ej for 
each j. The initial condition is an S^o-measurable random variable : il ^ H . 

A.l. Definition. An adapted, cddldg H-valued process {rt)t>o is called a strong 
solution for (A.3) with Tq = /iq if we have € 1){A), t > 0, the relation 

\Ars + a{rs)\\ + \\a{r,)\\lo^^-^ + Jj-f{rs,x)fF{dx)^ds < oo^ = 1 



TERM STRUCTURE MODELS DRIVEN BY POISSON MEASURES 



27 



for all t G M_|_, and 

n ^ho+ f {Ars + a{rs))ds + V / o-J'(r.)d/?f 
Jo J Jo 

+ [ I l{rs^,x){^i{ds,dx)-F{dx)ds), t>0. 

Jo J E 

A. 2. Definition. An adapted, cddlag H-valued process (rt)t>o called a weak 
solution for {A. 3) with tq = Hq if 

(A.4) V(^J^ (^||a(r,)|| + ||a(r,)||io(H) + ^||7(r.,x)|pF(da;)^ds<(^^ -1 
for all t £ and for all G Ti^A*) we have 

{Cn)^{C,ho)+ A(A*C,r.) + (C,a(r.)))ds + ^ f\c,aHrs))dPl 



+ {C^{rs-,x)){^J.{ds,dx) - F{dx)ds), t>0. 

Jo J E 

A. 3. Definition. An adapted, cddlag H-valued process {rt)t>o is called a mild so- 
lution for (A. 3) with tq = Hq if we have (A.4) for all t g and 



n 



Stho+ f St-sa{rs)ds + J2 I StsO^ {r,)dl3i 

Jo ,, JQ 



+ / St-sl{'''s-Tx){ii{ds,dx) — F{dx)ds), t>0. 

Jo J E 



By convention, uniqueness of solutions for (A. 3 1 is meant up to indistinguisha- 
bility, that is, for two solutions r^,r^ we have ^{C\teVL+^'''t ~ ~ 

A.4. Assumption. There exist another separable Hilbert space "K, a Co-group 
{Ut)ti£R on 5{ and continuous linear operators £ G L{H,'K), vr G L{!K,H) such 
that the diagram 



H 



Ut 



H 



commutes for every t G M+, that is 

nUtih = Sth for all t eR+ and he H. 

A. 5. Assumption. We assume Jg ||7(0, x)||^F(c?2:) < oo. 

A. 6. Assumption. We assume there is a constant L > such that 

||a(/ii)-a(/i2)|| <L\\hi-h2l 
\\(j{hi) - <T{h2)\\L0{H) < - h2\\, 



h{h,,x)--/{h2,x)\\'F{dx) <L\\hi-h2\\ 



for all hi,h2 G H . 
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A. 7. Theorem. [20, Thm. 8.6, Cor. 10.6] Suppose that Assumptions \A.4 A. 5 



A. 6 are fulfilled. Then, for each Hq € L {il,S'o,¥; H) there exists a unique cddlag, 



adapted, mean square continuous mild and weak ^{-valued solution {ft)t>a for 

dft = U-tla{^Utft)dt + U-tea\TrUtft)dl3i 

(A.5) ' 

+ [ U-th{-^Utft-,x){ii{dt,dx) - F{dx)dt) 



with /o = Ih^ satisfying 
E 



sup Wftf 



< oo for all T e R+, 



and there exists a unique cddlag, adapted, mean square continuous mild and weak 
H-valued solution {rt)t>o for (A. 3) with rg — Hq satisfying 

E 



sup ||rt| 

te[Q,T] 



which is given by rt '.— nlltft, t > 0. 



< oo for all T G M+, 



A. 8. Remark. By a solution {ft)t>o for {A.5) with fo — Ih^ we precisely mean 
that 



U-sH7rUsfs)\\ + \\U-sicTiTTUsfs)\\iof^H) 
+ f \\U-sei{7TUsfs,x)\\^F{dx))ds < oo) = 1 



for all t e 



^+7 



JE 

and we have 



ft = iho+ f U^sia{TTUJs)ds + y] I U-d<j'{TTUsfs)dPl 
Jo J Jo 

U-sej{TrUsfs-,x){n{ds,dx) - F{dx)ds), t > 0. 

JE 

A. 9. Lemma. Let t be a bounded stopping time. We define the new filtration (3^t)t>o 
by 3^t 3^T+t, the new U-valued process W by Wt :— W^+t — Wr and the new 
random measure ft on x E by jj^u; B) :— ^{uj] B G 23(M4.) ® £, where 

Br {{t + r, x) e M+ X S : {t, x) G B}. 

Then W is a Q-Wiener process with respect to {Jt)t>o ft is a homogeneous 
Poisson random measure on x E with respect to {3^t)t>o having the compensator 
dt® F{dx). Moreover, we have the expansion 

(A.6) 



where (3^ defined as (3l := P^+t ~ Pt ^ sequence of real-valued independent {3^t)- 
Brownian motions. Furthermore, if {rt)t>o is a weak solution for (A. 3), then the 
{3^t) -adapted process {ft)t>o defined by rt '■= Tr+t is a weak solution for 

(A.7) 

J dh = {An + a{n))dt + J2j<^'{rt)dpi + JEl{h-,x)ifi{dt,dx)-F{dx)dt) 
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Proof. Note that is a continuous (3^t)-adapted process with Wq — 0, and /i is an 
integer- valued random measure on IR+ x E. 
We fix u G U. The process 



exp(i(u, Wt)) 



t > 



E[expii{u,Wt))y 

is a complex- valued martingale, because for all s,t e IR+ with s < t the random 
variable Wt — Wg and the cr-algebra 3^s are independent. The martingale {Mt)t>o 
admits the representation 



Mt = exp i{u, Wt 



t 



(Qu,u) 



t > 0. 



According to the Optional Stopping Theorem, the process (Mt+T)t>o is a nowhere 
vanishing complex (3^t)-martingale. Thus, for s,t E M+ with s < t we obtain 



E 



M., 



t + T 



-(Qu,u) 



For each C €E we get 



Hence, the random variable Wt—Wg and the cr-algebra 3^s are independent, and Wt — 
Ws has a Gaussian distribution with covariance operator (t — s)Q. The expansion 
( |A.6| follows from ( |A.1| . 

Now fix w e M and S e £ with < oo. The process 

exp(i'i;^([0, t] x B)) 



t > 



E[exp(ro/i([0,t] x B))]'' 

is a complex- valued martingale, because for all s,t e with s < t the random 
variable /i((s,t] x i?) and the cr-algebra J's are independent. By [25, Thm. II. 4. 8] 
the martingale {Nt)t>o admits the representation 



Nt = exp (ivfi{[0, t]x B)- (e™ - l)F{B)tj , t 



> 0. 



According to the Optional Stopping Theorem, the process {Nt+r)t>o is a nowhere 
vanishing complex (5'()-martingale. Thus, for s,< e with s < t we obtain 



E 



Nt 



t + T 



N. 



9s 



S-\-T 



= 1. 



For each C G 5"^ we get 

E[lc exp(iw/2((s, i] X B))] = P(C) exp ((e™ - l)F{B){t - s) 

Hence, the random variable /i((s, t] x B) and the a-algebra J's are independent, and 
/i((s,t] X B) has a Poisson distribution with mean (t — s)F{B). 
Next, we claim that 



(A.l 



T + t 



for every predictable process <i> : x 



^sdWs - / <i>r+sdWs 


L2{H) satisfying 
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for all t E and 

rr+t 



(A.9) 



/T+t r-t 
'^{s,x)ii{ds,dx) ^ I "if (t + s , x) fl{ds , dx) 

for every predictable process : x x E ^ -^2(^) satisfying 

J {s, x) f F{dx)ds < oo^ =1 



for all t € If are elementary and r a simple stopping time, then (A. 8 1 



(A.9 1 hold by inspection. The general case follows by localization. 



If (?'t)t>o is a weak solution to (A. 3), for every ^ € T){A*) relations (A. 8 1, (A.9) 
yield 



T + t pT+t 



(C, Tr+t) = (C, rr) + / {{A*C r,) + (C, a(r,)))d5 + ^ / (C, a(r,))d/3^- 



/ (C, 7(''s- , x)){^i{ds, dx) - F{dx)ds) 

I E 

:(C,r,>+ A(^*C,^r+.> + (C,«(r.+.)))ds + ^ / {(:,a{rr+s))dPl 
Jo J 

+ / / (C,7(?'(r+s)-,a;))(/i(ds,da::) - F(dx)ds). 
Jo 







Hence, {rt)t>o is a weak solution for (A. 7 1. □ 



[2 
[3 

[4] 
[5] 
[6' 
[7 

[8 
[9' 

[lo: 
[11 

[12 
[13 
[14 
[15 



References 

Albeverio, S., Mandrekar, V., Riidiger, B. (2009): Existence of mild solutions for stochastic 
differential equations and semilinear equations with non Gaussian Levy noise. Stochastic 
Processes and Their Applications 119, 835—863. 

Fabrice Baudoin and Josef Teichmann, Hypoellipticity in infinite dimensions and an applica- 
tion in interest rate theory. Ann. Appl. Probab., 15(3):1765-1777, 2005. 

Christian Bayer, Josef Teichmann Cubature on Wiener space in infinite dimensions. Proc. 
R. Soc. Lond. Ser. A Math. Phys. Eng. Sci., to appear, 2008. 

Bjork, T., Di Masi, G., Kabanov, Y., Runggaldier, W. (1997): Towards a general theory of 
bond markets. Finance and Stochastics 1(2), 141-174. 

Bjork, T., Kabanov, Y., Runggaldier, W. (1997): Bond market structure in the presence of 
marked point processes. Mathematical Finance 7(2), 211—239. 

Brczis, H. (1993): Analyse fonctionnelle, fourth edition, Masson, Paris, Theorie et applica- 
tions. 

Brody, D. C., Hughston, L. P. (2001): Applications of information geometry to interest rate 
theory, In Disordered and complex systems (London, 2000), volume 553 of AIP Conf. Proc, 
pages 281-287. Amer. Inst. Phys., Melville, NY. 

Brody, D. C., Hughston, L. P. (2001): Interest rates and information geometry, R. Soc. Lond. 
Proc. Ser. A Math. Phys. Eng. Sci., 457(2010):1343-1363. 

Carmona, R., Tehranchi, M. (2006): Interest rate models: an infinite dimensional stochastic 
analysis perspective. Berlin: Springer. 

Da Prato, G., Zabczyk, J. (1992): Stochastic equations in infinite dimensions. New York: 
Cambridge University Press. 

Dellacherie, C, Meyer, P. A. (1982): Probabilites et potentiel. Hermann: Paris. 

Eberlein, E., Raible, S. (1999): Term structure models driven by general Levy processes. 

Mathematical Finance 9(1), 31-53. 

Eberlein, E., Ozkan, F. (2003): The defaultable Levy term structure: ratings and restructur- 
ing. Mathematical Finance 13, 277—300. 

Eberlein, E., Jacod, J., Raible, S. (2005): Levy term structure models: no-arbitrage and 
completeness. Finance and Stochastics 9, 67-88. 

Eberlein, E., Kluge, W. (2006): Exact pricing formulae for caps and swaptions in a Levy term 
structure model. Journal of Computational Finance 9(2), 99-125. 



TERM STRUCTURE MODELS DRIVEN BY POISSON MEASURES 



31 



[16] Eberlein, E., Kluge, W. (2006): Valuation of floating range notes in Levy term structure 

models. Mathematical Finance 16, 237—254. 
[17] Eberlein, E., Kluge, W. (2007): Calibration of Levy term structure models. In Advances in 

Mathematical Finance: In Honor of Dilip Madan, M. Fu, R. A. Jarrow, J.-Y. Yen, and R. J. 

Elliott (Eds.), Birkhauser, pp. 155-180. 
[18] Filipovic, D. (2001): Consistency problems for Heath- Jarrow-Morton interest rate models. 

Berlin: Springer. 

[19] Filipovic, D., Tappe, S. (2008): Existence of Levy term structure models. Finance and 
Stochastics 12, 83-115. 

[20] Filipovic, D., Tappe, S., Teichmann, J. (2008): Jump-diffusions in Hilbert spaces: Existence, 

stability and numerics. Preprint. I |http : //arxiv . or g/abs/0810 . 5023 ) 
[21] Filipovic, D., Tappe, S., Teichmann, J. (2009): Stochastic invariance of closed convex sets 

with respect to jump-diffusions. Working Paper. 
[22] Getoor, R. K. (1979): On the construction of kernels. Seminaire de Probabilites IX, Lecture 

Notes in Mathematics 465, 443-463. 
[23] Heath, D., Jarrow, R., Morton, A. (1992): Bond pricing and the term structure of interest 

rates: a new methodology for contingent claims valuation. Econometrica 60(1), 77-105. 
[24] Hyll, M. (2000): Affine term structures and short-rate realizations of forward rate models 

driven by jump-diffusion processes. In Essays on the term structure of interest rates PhD 

thesis, Stockholm School of Economics. 
[25] Jacod, J., Shiryaev, A. N. (2003): Limit theorems for stochastic processes. Springer, Berlin. 
[26] Jarrow, A., Madan, D. B. (1995): Option pricing using the term structure of interest rates to 

hedge systematic discontinuities in asset returns. Mathematical Finance 5(4), 311—336. 
[27] Kotelenez, P. (1992): Comparison methods for a class of function valued stochastic partial 

differential equations. Probability Theory and related fields 93(1), 1—19. 
[28] Marinelli, C. (2008): Local well-posedness of Musiela's SPDE with Levy noise. Mathematical 

Finance, to appear. 

[29] Marinelli, C, Prevot, C, Rockner, M. (2008): Regular dependence on initial 
data for stochastic evolution equations with multiplicative Poisson noise. Preprint. 
Chttp : //arxiv . org/abs/0808 . 1509 ) 

[30] Milian, A. (2002): Comparison theorems for stochastic evolution equations. Stochastics and 
Stochastics Reports 72, 79-108. 

[31] Morton, A. (1989): Arbitrage and martingales. PhD thesis, Cornell University. 

[32] Musiela, M. (1993): Stochastic PDEs and term structure models. Journees Internationales 
de Finance, IGR-AFFI, La Baule. 

[33] Nakayama, T. (2004): Support theorem for mild solutions of SDE's in Hilbert spaces. J. Math. 
Sci. Univ. Tokyo 11, 245-311. 

[34] Nakayama, T. (2004): Viability Theorem for SPDE's including HJM framework. J. Math. 
Sci. Univ. Tokyo 11, 313-324. 

[35] Peszat, S., Zabczyk, J. (2007): Stochastic partial differential equations with Levy noise. Cam- 
bridge University Press, Cambridge. 

[36] Peszat, S., Zabczyk, J. (2007): Heath-Jarrow-Morton-Musiela equation of bond market. 
Preprint IMPAN 677, Warsaw. (www.impan.gov.pl/EN/Preprints/index.html) 

[37] Raible, S. (2000): Levy processes in finance: theory, numerics, and empirical facts. PhD thesis, 
University of Freiburg. 

[38] Redheffer, R. M., Walter, W. (1975): Flow-invariant sets and differential inequalities in 

normed spaces Applicable Analysis 5(2), 149-161. 
[39] Shirakawa, H. (1991): Interest rate option pricing with Poisson-Gaussian forward rate curve 

processes. Mathematical Finance 1(4), 77-94. 
[40] Volkmann, Peter (1973): Uber die Invarianz konvexer Mengen und Diffcrentialglcichungen in 

einem normierten Raume. Mathematische Annalen 203(1), 201-210. 
[41] Werner, D. (2002): Funktionalanalysis. Fourth Edition, Berlin: Springer. 

Vienna Institute of Finance, University of Vienna, and Vienna University of Econom- 
ics AND Business Administration, Heiligenstadter Strasse 46-48, A-1190 Wien, Austria; 
Vienna University of Technology, Department of Mathematical Methods in Economics, 
Wiedner Hauptstrasse 8-10, A-1040 Wien, Austria 

E-mail address: Stefan. tappeSvif . ac. at , damir . f ilipovicOvif . ac . at , 
jteichmaOf am. tuwien. ac . at 



